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Outline

Part I

Rare events bias explored (simulations) and explained
Solution: (multiple) undersampling

Part II

Bias of estimated probabilities explored (simulations) and
explained
Solution: Firth with bias correction

Conclusions



Prediction with logistic regression, part I

We are interested in predicting, for new data (random design),
if the event (Yi = {0, 1}) will occur, given the characteristics
of the subjects (Xi ).

We are in the setting where the proportion of events, Yi = 1,
is small ⇒ rare events.

(penalized) logistic regression will be used to obtain

π̂i = P(Ŷi = 1|Xi ) =
e β̂0+β̂1X1+β̂2X2+...+β̂pXp

1 + e β̂0+β̂1X1+β̂2X2+...+β̂pXp

The π̂i will be the basis for prediction:

An event is predicted if π̂i > τ .
When π̂i = τ the class is randomly assigned.
We will use τ = ȳ .

n∑
i=1

(yi − π̂i ) = 0,

ȳ = ¯̂π.
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n∑
i=1

(yi − π̂i ) = 0,
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Rare events bias explored, Y |X , p = 1, different effect size

The response for n = 100 training data was simulated from,

Y ∼ Bernoulli

(
exp(β0 + β1X )

1 + exp(β0 + β1X )

)
,

X ∼ N(0, 1),

β1: 0 0.1 0.2 0.5 1 2
β0: -2.20 -2.20 -2.25 -2.30 -2.60 -3.40
β0: 0 0 0 0 0 0

Proportion of events: 0.10, 0.5

The model’s performance was evaluated on 2000 independent
test data simulated from the same model



Results, Y |X , p = 1, ML

β0 β1 PAT
0 PAT

1 PA0 PA1 β̂0 β̂1

ML -2.20 0.00 0.50 0.50 0.55 0.45 -2.31 0.01
-2.20 0.10 0.52 0.52 0.55 0.46 -2.30 0.10
-2.25 0.20 0.54 0.54 0.56 0.48 -2.37 0.21
-2.30 0.50 0.60 0.60 0.60 0.57 -2.41 0.53
-2.60 1.00 0.68 0.69 0.68 0.68 -2.76 1.09
-3.40 2.00 0.79 0.81 0.79 0.80 -3.83 2.30

We can see that for small β1,

|PA0 − PA1| > |PAT
0 − PAT

1 |

⇒ rare events bias

↑:β ↓, ȳ ↓, n/p ↓.
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Rare events bias 6= small sample bias

Firth’s bias correction: Firth suggested to introduce bias in the score function in
order to remove the small sample bias of regression coefficients

β0 β1 PAT
0 PAT

1 PA0 PA1 β̂0 β̂1

Firth -2.20 0.00 0.50 0.50 0.33 0.67 -2.20 0.00
-2.20 0.10 0.52 0.52 0.34 0.66 -2.21 0.09
-2.25 0.20 0.54 0.54 0.36 0.67 -2.24 0.20
-2.30 0.50 0.60 0.60 0.47 0.68 -2.30 0.50
-2.60 1.00 0.68 0.69 0.62 0.72 -2.60 0.99
-3.40 2.00 0.79 0.81 0.76 0.83 -3.40 2.00

|PA0 − PA1| > |PAT
0 − PAT
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Explanation of the rare events bias of ML

π = 0.1

We explain this for β1 = 0 and X ∼ N(0, 1):

(X |Y = 0) ∼ N(0, 1)
(X |Y = 1) ∼ N(0, 1)

� � correctly classified
� � miss-classified

−4 −2 0 2 4
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Solution: (multiple) undersampling (US)

multiple under-sampling (MUS):

100 random samples of the non-events were taken so that the
number of events and non-events was equal in each sample
the model was estimated on each selected subset
the class was determined by majority voting

classification threshold was set to 0.5



Results, Y |X , p = 1, multiple under-sampling

β0 β1 PAT
0 PAT

1 PA0 PA1 β̂0 β̂1

ML -2.20 0.00 0.50 0.50 0.50 0.50 0.00 0.00
-2.20 0.10 0.52 0.52 0.50 0.50 -0.00 0.11
-2.25 0.20 0.54 0.54 0.52 0.52 -0.02 0.21
-2.30 0.50 0.60 0.60 0.59 0.59 -0.10 0.53
-2.60 1.00 0.68 0.69 0.67 0.68 -0.38 1.02
-3.40 2.00 0.79 0.81 0.79 0.81 -1.21 1.98

|PA0 − PA1| = |PAT
0 − PAT

1 | ⇒ no rare events bias



Prediction with logistic regression, part II

We are interested in predicting, for new data (random design),
the event probability (π̂i ), given the characteristics
of the subjects (Xi ).

� We are in the setting where the proportion of events, Yi = 1,
is small ⇒ rare events.

(penalized) logistic regression will be used to obtain

π̂i = P(Ŷi = 1|Xi ) =
e β̂0+β̂1X1+β̂2X2+...+β̂pXp

1 + e β̂0+β̂1X1+β̂2X2+...+β̂pXp

� The π̂i will be the basis for prediction:

� An event is predicted if π̂i > τ .
� When π̂i = τ the class is randomly assigned .
� We will use τ = ȳ .

n∑
i=1

(yi − π̂i ) = 0,

ȳ = ¯̂π.



Part II, Y |X , p = 1, different effect size

The response for n = 100 training data was simulated from,

Y ∼ Bernoulli

(
exp(β0 + β1X )

1 + exp(β0 + β1X )

)
,

X ∼ N(0, 1),

β1: 0 0.5 1
β0: -2.20 -2.30 -2.60
β0: 0 0 0

Proportion of events: 0.10, 0.5

Evaluate the bias of estimated probabilities over x in [−3, 3]
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Part II, Y |X , p = 1, different effect size

E (π̂0) ≈ π0+π0(1−π0)E (β̂0−β0)+( 1
2−π0)π0(1−π0)E ((β̂0−β0)2)
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Part II, Y |X , p = 1, different effect size, solution

π̂i = π̃i − ( 1
2 − π̃i )π̃i (1− π̃i )xTi V(β̃)xi
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Conclusions

rare events bias: |PA0 − PA1| > |PAT
0 − PAT

1 |.
rare events bias is caused by larger sampling variability of
events ⇒ systematic deviations in favor of the non-events
(systematic overfitting)

rare events bias disappears when the effect is large enough

in high-dimensional setting the rare events bias is large due to
many null variables (in the p > n setting it is easier to overfit
the data hence also larger systematic overfitting)

(multiple) undersampling removes the rare events bias

bias of the estimated probabilities (BEP) depends on the
small sample bias but also the RMSE of β̂

removing only the small sample bias increases the BEP

BEP increases with a larger effect size

the proposed bias correction based on the Firth’s estimation
removes (most of) BEP and it also centers them around ȳ



Results, Y |X , p = 1, β1 = 0, λ optimized with CV

ML: PA0 = 0.55, PA1 = 0.45

β0 β1 PA0 PA1 β̂0 β̂1 β̂1 = 0

L1 -2.20 0.00 0.52 0.48 -2.28 0.00 0.77

Simulation results considering only simulations with β̂1 6= 0:

PA0 PA1 β̂0 β̂1

L1 0.56 0.44 -2.31 -0.05



Part II, Y |X , p = 1, different effect size
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